A new procedure for the calculation of spatial impulse responses for linear sound fields is introduced. This calculation procedure uses the well known technique of calculating the spatial impulse response from the intersection of a circle emanating from the projected spherical wave with the boundary of the emitting aperture. This general result holds for all aperture boundaries for a flat transducer surface, and this is used in the procedure to yield the response for all types of flat transducers. An arbitrary apodization function over the aperture can be incorporated through a simple one-dimensional integration. The case of a soft baffle mounting of the aperture is also included. Specific solutions for transducer boundaries made from lines are given, so that any polygon transducer can be handled. Specific solutions for circles are also given. Finally, a solution for a general boundary is stated, and all these boundary elements can be combined to, e.g., handle annular arrays or semi-circle transducers. Results from an implementation of the approach are given and compared to previously developed solutions for a simple aperture, a complex aperture, and a Gaussian apodized circular transducer.
Introduction
The calculation of linear, acoustic fields is most often based on the spatial impulse response approach as suggested by Tupholme and Stepanishen [1, 2, 3] . Here the pulsed pressure field is found from a convolution between the acceleration of the transducer surface and the spatial impulse response. The impulse response has been found for a number of geometries (round flat piston: [2] , round concave: [4, 5] , flat rectangle: [6, 7] , and flat triangle: [8] ). The solutions arrived at are often complicated, since it involves the evaluation of the Rayleigh surface integral. The response depends on the relative position of the field point and many special cases exist, which makes both the derivation of the solution difficult and the evaluation of the responses cumbersome. For example to evaluate the response from a rectangle, four synthetic rectangles are introduced, and when evaluating a triangle, three synthetic triangles are introduced to account for the 15 different possible cases of triangle shape and field point positions. This makes it necessary to use computers for evaluating and interpreting the responses, since the formulas do not readily give a useful perception of the solution.
It would be appropriate to arrive at general solutions for any geometry that would be both easy to derive analytically and fast to evaluate with a computer. This has previously been sought achieved by dividing the aperture surface into smaller elements like rectangles [9] or triangles [10] , and then summing the response for the sub-elements. Often the transducer must be divided into many elements and only a piece-wise approximation to the apodization is obtained. The fitting to the actual surface is also only approximative for round or oval surfaces; even when using a triangular shape.
Spatial impulse responses from bounded and non-apodized apertures always have discontinuities due to their sharp edges, which makes it difficult to keep the full energy and spectral content in a sampled evaluation. Various techniques have been applied for coping with the discontinuities in the spatial impulse response. This has included using very high sampling frequencies, making a time adapted evaluation, or using the integrated response. Computer evaluation is, thus, always necessary, when evaluating spatial impulse responses.
This paper therefore suggests a new procedure for calculating the spatial impulse response in which the computer is involved at an earlier stage in the evaluation of the responses. The response is determined by the crossings of the boundary of the aperture by the spherical wave emitted from the field point. For flat apertures this observation makes it possible to derive a general approach for calculating the spatial impulse response for any aperture geometry and find the response with no approximation. The paper derives impulse responses for apertures described by bounding lines and circles and outlines how the response can be evaluated for apertures bounded by any polynomial in the plane's coordinates (x; y). Some of the intersections need not always be calculated, and this is used to devise an optimized algorithm that only needs to find the minimum number of intersections. It is also shown in Section 4 how an arbitrary apodization can be introduced through a previously developed simple one-dimensional integration, and how the solution also can be applied to both the soft baffle and rigid baffle situations. A number of examples from use of the approach are given in Section 8. Among these is a comparison between the traditional solution for a rectangle and the new approach, which both yield the same response.
Basic theory
A short review of the calculation of spatial impulse responses is given in this section to facilitate the development of the new calculation procedure.
The spatial impulse response is found from the Rayleigh integral given by [2, 11] :
when the aperture S is mounted in an infinite, rigid baffle. Here r 1 denotes the position of the field point, r 2 denotes a position on the aperture, c is the speed of sound, and t is time. The integral is essentially a statement of Huyghen's principle that the field is found by summing the radiated spherical waves from all parts of the aperture. This can also be reformulated, due to acoustic reciprocity, as finding the part of the spherical wave emanating from the field point that intersects the aperture. The task is, thus, to project the field point onto the plane coinciding with the aperture, and then find the intersection of the projected spherical wave (the circle) with the active aperture as shown in Fig. 1 .
Rewriting the integral into polar coordinates gives:
where r is the radius of the projected circle and R is the distance from the field point to the aperture given by R 2 = r 2 + z 2 p . Here z p is the field point height above the x ? y plane of the aperture. The projected distances d 1 ; d 2 are determined by the aperture and are the distance closest to and furthest away from the aperture, and Θ 1 ; Θ 2 are the corresponding angles for a given time (see Fig. 2 ).
Introducing the substitution 2RdR = 2rdr gives h(r 1 ; t) = 1 2π
The variables R 1 and R 2 denote the edges closest to and furthest away from the field point.
Finally using the substitution t 0 = R=c gives
For a given time instance the contribution along the arc is constant and the integral gives
when assuming the circle arc is only intersected once by the aperture. The angles Θ 1 and Θ 2 are determined by the intersection of the aperture and the projected spherical wave, and the spatial impulse response is, thus, solely determined by these intersections, when no apodization of the aperture is used. The response can therefore be evaluated by keeping track of the intersections as a function of time.
A new calculation procedure
From the derivation in the last section it can be seen that the spatial impulse response in general can be expressed as
where N(t) is the number of arc segments that crosses the boundary of the aperture for a given time and
1 (t) are the associated angles of the arc. This was also noted by Stepanishen [12] . The calculation can, thus, be formulated as finding the angles of the aperture edge's intersections with the projected spherical wave, sorting the angles, and then summing the arc angles that belong to the aperture. Finding the intersections can be done from the description of the edges of the aperture. A triangle can be described by three lines, a rectangle by four, and the intersections are then found from the intersections of the circle with the lines. This makes it possible to devise a general procedure for calculating spatial impulse responses for any flat, bounded aperture, since the task is just to find the intersections of the boundary with the circle.
The spatial impulse response is calculated from the time the aperture first is intersected by a spherical wave to the time for the intersection furthest away. The intersections are found for every time instance and the corresponding angles are sorted. The angles lie in the interval from 0 to 2π. It is then found whether the arc between two angles belongs to the aperture, and the angle difference is added to the sum, if the arc segment is inside the aperture. This yields the spatial impulse response according to Eq. (6) . The approach can be described by the flow chart shown in Fig. 3 .
The only part of the algorithm specific to the aperture is the determination of the intersections and the whether the point is inside the aperture. Section 5 shows how this is done for polygons, Section 6 for circles, and Section 7 for higher-order parametric boundaries.
All the intersections need not be found for all times. New intersections are only introduced, when a new edge or corner of the aperture is met. Between times when two such corners or edges are encountered the number of intersections remains constant and only intersections, which belong to points inside the aperture need be found. Note that an aperture edge gives rise to a discontinuity in the spatial impulse response. Also testing whether the point is inside the aperture is often superfluous, since this only needs to be found once after each discontinuity in the response. These two observations can significantly reduce the number of calculations, since only the intersections affecting the response are found. The flow chart for the optimized approach is shown in Fig. 4 .
The procedure first finds the number of discontinuities. Then only intersection influencing the response are calculated between two discontinuity points. This can potentially make the approach faster than the traditional approach, where the response from a number of different rectangles or triangles must be calculated.
Apodization and soft baffle
Often ultrasound transducers do not vibrate as a piston over the aperture. This can be due to the clamping of the active surface at its edges, or intentionally to reduce side-lobes in the field. Applying for example a Gaussian apodization will significantly lower side lobes and generate a field with a more uniform point spread function as a function of depth. Apodization has previously been found and is introduced in (2) by writing [13] h(r
r dr dΘ (7) in which a p (r; Θ) is the apodization over the aperture. Using the same substitutions as before yields
where a p1
The inner integral is a convolution of the apodization function with a δ-function and readily yields h(r 1 ; t) = c 2π
as noted by several authors [13, 14, 15] , The response for a given time point can, thus, be found by integrating the apodization function along the fixed arc with a radius of r = q (ct) 2 ?z 2 p for the angles for the active aperture. Any apodization function can therefore be incorporated into the calculation by employing numerical integration. Often the assumption of an infinite rigid baffle for the transducer mounting is not appropriate and another form of the Rayleigh integral must be used. For a soft baffle, in which the pressure on the baffle surface is zero, the Rayleigh-Sommerfeld integral is used. This is [16 (10) assuming that jr 1 ? r 2 j λ. Here cos ϕ is the angle between the line through the field point orthogonal to the aperture plane and the radius of the spherical wave as shown in Fig. 5 . The angles ϕ is fixed for a given radius of the projected spherical wave and thus for a given time. It is given by
Using the substitutions from Section 2, the Rayleigh-Sommerfeld integral can then be rewritten as
Using the property of the δ-function that
then gives h s (r 1 ; t) = z p ct
The spatial impulse response can, thus, be found from the spatial impulse response for the rigid baffle case by multiplying with z p =(ct ). 
Solution for polygons
The boundary of any polygon can be defined by a set of bounding lines as shown in Fig. 6 . The active aperture is then defined as lying on one side of the line as indicated by the arrows, and a point on the aperture must be placed correctly in relation to all lines. The test whether a point is on the aperture is thus to go through all lines and test whether the point lies in the active half space for the line, and stop if it is not. The point is inside the aperture, if it passes the test for all the lines.
The intersections are found from the individual intersections between the projected circle and the lines. They are determined from the equations for the projected spherical wave and the line:
Here (x 0 ; y 0 ) is the center of the circle, α the slope of the line, and y 1 its intersect with the y-axis. The intersections are given from the solutions to:
The angles are
Intersections between the line and the circle are only found if D > 0. A determinant D < 0 indicates that the circle did not intersect the line. If the line has infinite slope, the solution is found from the equation:
in which A ∞ ; B ∞ ; C ∞ replaces A; B;C, respectively, and the solutions are found for y rather than x. Here x 1 is the line's intersection with the x-axis.
The times for discontinuities in the spatial impulse response are given by the intersections of the lines that define the aperture's edges and by the minimum distance from the projected field point to the lines. The minimum distance is found from a line passing through the field point that is orthogonal to the bounding line. The intersection between the orthogonal line and the bounding line is:
where (x p ; y p ; z p ) is the position of the field point. For an infinite slope line the solution is x = x 1 and y = y p . The corresponding time is:
The intersections of the lines are also found, and the corresponding times are calculated by (20) and sorted in ascending order. They indicate the start and end time for the response and the time points for discontinuities in the response.
Solution for circular surfaces
The other basic shape for a transducer apart from rectangular shapes is the flat, round surface used for single element piston transducers and annular arrays. For these the intersections are determined by two circles as depicted in Fig. 7 . Here O 1 is the center of the aperture with radius r a and the projected spherical wave is centered at O 2 with radius r b (t) = q (ct) 2 ?z 2 p . The length h a (t) is given by [17, page 66]
In a coordinate system centered at O 1 and an x-axis in the O 1 ?O 2 direction, the intersections are at Figure 7 : Geometry for determining intersections between circles. The top graph shows the geometry when the field point denoted by O 2 is outside the aperture, and the bottom graph when it is inside.
Solution for parametric surfaces
For ellipses or other higher order parametric surfaces it is in general not easy to find analytic solutions for the spatial impulse response. The procedure described can however devise a simple solution to the problem, since the intersections between the projected spherical wave and the edge of the aperture uniquely determine the spatial impulse response. It is therefore possible to use root finding for a set of (non-linear) equations for finding these intersections. The problem is to find when both the spherical wave and the aperture have crossing contours in the plane of the aperture, i.e., when
in which S(x; y) = 0 defines the boundary of the aperture. The problem of numerically finding these roots is in general not easy, if a good initial guess on the position of the intersections is not found [19, pages 286-289] . Good initial values are however found here, since the intersections must lie on the projected circle and the intersections only move slightly from time point to time point. An efficient Newton-Raphson algorithm can therefore be devised for finding the intersections, and the procedure detailed here can be made to find the spatial impulse response for any flat transducer geometry with an arbitrary apodization and both hard and soft baffle mounting.
Examples
The first example shows a comparison between the traditional method for calculating spatial impulse responses and the new method. The response from a 4 5 mm rectangle is found for different spatial positions 10 mm from the front face of the transducer. The responses are found from the center of the rectangle and out in steps of 1 mm in the x direction to 21 mm away from the center of the rectangle. The results are shown in Fig. 8 . It is seen that the two methods give identical results.
The second example is for a more complicated aperture, where its bounding lines are shown in Fig. 9 . The calculated spatial impulse response is shown in Fig. 10 . Responses have been calculated from the center position for x = 0 mm, y = 0 mm to the position x = 14 mm, y = 0 mm in increments of 1 mm. The distance to the transducer surface was always 10 mm (= z). A complicated response with a number of discontinuities is seen due to the many edges of the aperture.
The last example shows the response from a circular, flat transducer calculated with the new method. Two different cases are shown in Fig. 11 . The top graph shows the traditional spatial impulse response when no apodization is used, so that the aperture vibrates as a piston. The field is calculated 10 mm from the front face of the transducer starting at the center axis of the aperture. Twenty-one responses for lateral distance of 0 to 20 mm off axis are then shown. The same calculation is repeated in the bottom graph, when a Gaussian apodization has been imposed on the aperture. The vibration amplitude is a factor of 1= exp(4) less at the edges Fig. 9 . The axial distance to the field point is 10 mm and the response is calculated for lateral distances from 0 to 21 mm off axis in the x direction. Graphs are shown without apodization of the aperture (top) and with a Gaussian apodization function (bottom). The radius of the aperture is 5 mm and the field is calculated 10 mm from the transducer surface. of the aperture than at the center. It is seen how the apodization reduces some of the sharp discontinuities in the spatial impulse response.
Summary
The general theory for the calculation of spatial impulse responses for flat transducer apertures has been reviewed. It was shown that the response can be found from the intersections of the projected spherical wave with the edges of the aperture. This made it possible to derive a general procedure for calculating these responses, which can be used for any flat geometry. It was also shown that the calculation easily can include hard and soft baffle mountings and the incorporation of any apodization function over the aperture. The approach makes it possible to make simulation programs that can handle arbitrary, flat, apodized aperture geometries without making approximations in the evaluation of the spatial impulse response for the hard baffle case.
